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1 Introduction 



This work addresses the global regularity issue on solutions of the complex Burgers and 
KdV-Burgers equations 

Ut — 6uUx + aUxxx — T^Uxx = 0, (1-1) 

where z/ > and a > are parameters and u = u{x,t) is a complex-valued function. 
Attention will be focused on the spatially periodic solutions, namely x G T = R/(27r), 
the one-torus and we supplement (11.11) with a given initial data 

u{x,0) =uo{x), xeT. (1.2) 

Our first major result is for the complex Burgers equation ( (ll.ip with a = 0) and 
it asserts that for any sufficiently large time T, there exists an explicit smooth initial 
data Mo such that its corresponding solution blows up at t = T (Theorem 12.11) . This 
result was partially motivated by a recent paper of Polacik and Sverak [9], in which 
the complex-valued Burgers equation on the whole line was shown to develop finite- 
time singularities for compactly supported smooth data. Their proof takes advantage 
of the explicit solution formula obtained via the Hopf-Cole transform. By contrast, the 
finite-time singular solutions constructed in this paper assume the form 

oo 

u{x,t) = Y,a,it)e'''^ (1.3) 

k=l 

and correspond to the initial data uo{x) = a e*^. We emphasize that solutions of the form 
(11.31) are locally well-posed in the usual Sobolev space H'^ := if*(T) with a suitable index 
s (see Theorem 12.51 for more details). For any T > Tq (a fixed number depending on u 
only), we obtain a lower bound for \ak(T)\ through a careful observation of the pattern 
that afc(t)'s exhibit and the finite time singularity of (II. 3p in then follows if we take 
a in Mo to be sufficiently large. This result reveals a fundamental difference between 
the real-valued solutions of the Burgers equation and their complex counterparts. The 
diffusion in the case of complex- valued solutions no longer dissipates the L^-norm, which 
can blow up in a finite time. However, if we know the L^-norm of a complex-valued 
solution is bounded, then there would be no finite-time singularity (Theorem 12. 6p . 

We also explore the conditions under which solutions of (II. ip are global in time. A 
simple example of the global solutions of (II. ip corresponds to the initial data Uq{x) = 
aoc*^ with |ao| < 1 provided z/ and a satisfy a suitable condition, say z/^ + > 9 (see 
Theorem 13. 5p . For general initial data of the form 

oo 
k=l 

with |aofc| < 1, (II. ip possesses a unique local solution (II. 3p with ak(t) given by a finite 
sum of terms that can be made explicit through an inductive relation. To show the 
convergence of (II. 3p for large time, it is necessary to estimate |aA;(t)| and our approach 
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is to count the total number of terms that it contains. This counting problem is closely 
related to the number of nonnegative integer solutions to the equation 



ji + 2j2 + 3j3 H h kjk = k 

for a fixed integer A; > 0. Using a result by Hardy and Ramanujan we are able to 
establish the global regularity of (I1.3P under a mild assumption (see Theorem 13.30 . In 
addition, for any s > decays exponentially in t for large t. 

We remark that the study of complex-valued Burgers and KdV-Burgers equations 
can be justified both physically and mathematically. Physically these complex equations 
do arise in the modeling of several physical phenomena (|1],[5],[6]). Mathematically these 
equations exhibit some remarkable features and admit solutions with much richer struc- 
tures than those of their real- valued ones. In fact, these equations and other complex- 
valued partial differential equations have attracted quite some attention recently. A lot 
of efforts have been devoted to the important issue of whether or not their solutions 
can blow up in a finite time. In [1] Birnir considered the complex KdV equation and 
constructed a family of singular solutions represented by the Weierstrass function. Very 
recently Y. Li |8j obtained simple explicit formulas for finite-time blowup solutions of 
the complex KdV equation through Darboux transform. In [2] Bona and Weissler ad- 
dressed the blowup issue for a family of complex- valued nonlinear dispersive equations. 
The papers of Yuan and Wu ( [11] , [12] , [13] ) treated the complex KdV and KdV-Burgers 
equations as systems of two nonlinearly coupled equations and clarified how the poten- 
tial singularities of the real part are related to those of the imaginary part. In addition, 
extensive numerical experiments were performed to reveal the blowup structures. An- 
other important example that shows significant differences between the real-valued and 
complex-valued solutions is the Navier-Stokes equations. It remains open whether or not 
classical solutions of the 3D incompressible Navier-Stokes equations can develop finite- 
time singularities. However, Li and Sinai |7j recently showed that the complex solutions 
of the 3D Navier-Stokes equations corresponding to large parameter family of initial 
data blow up in finite time. Their work motivated the study of Polacik and Sverak on 
the complex-valued solutions of the Burgers equation, as we mentioned earlier. 

The rest of this paper is divided into three sections. The second section focuses on 
the complex Burgers equation and presents Theorems 12. 11 [231 and [2^61 The third section 
details the global regularity results concerning the complex KdV-Burgers equations. 

2 Blowup for the complex Burgers equation 

This section presents three major results. The first one is a blowup result for the complex 
Burgers equation in a periodic domain T= [0,27r], namely 




X e T, t > 0, 



(2.1) 
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It states that for any sufficiently large T > 0, there exists an initial data Uq such that 
its corresponding solution u blows up at t = T. This solution can be represented by 



^) = E«fcWe*'" (2-2) 



k=l 



and the blowup is in the sense. 

For the sake of completeness of our theory on ( 12. ip . we also present a local existence 
and uniqueness result on solutions of the form (12. 2p to the complex-valued KdV-Burgers 
type equation 

Ut — QuUx + z/(— A)^^ + a Uxxx = 0, (2.3) 

which reduces to the complex Burgers equation when 7 = 1 and a = 0. The fractal 
Laplacian (—A)'*' is defined through Fourier transform, 

(-A)7n(0 = |eP^S(0. 

The third result asserts that if the L^-norm of a solution of (12. 3p is bounded on [0,T], 
then all higher derivatives are bounded and no singularity is possible on [0,T]. 

We divide the rest of this section into two subsections with the ffist devoted to the 
blowup result and the second to the local existence uniqueness. 

Finite-time blow-up 

Theorem 2.1 For every sufficiently large T > 0, there exists an initial data Uq of the 
form 

uo{x)=ae''' (2.4) 
such that the corresponding solution u of ^2. ij) blows up att = T in the LP' -norm, namely 

h(-,T)|U2(T) = oo. (2.5) 

For any s G R, the homogeneous Sobolev space i!f^(T) and the inhomogeneous 
Sobolev space if*(T) are defined in the standard fashion. In particular, a function of 
the form 

00 

k=l 



00 

u{x,t) = akc' 



is in HHT) if 



and in H'(T) if 



00 

\h»{T) 

k=l 



\u\ 



H'(T) 



T) = + ^^)' < oo- 



k=l 



Clearly, ^^(T) can be identified with H^{T). 

For uq given by (12.41) . the local existence and uniqueness result of the next subsection 
asserts that the corresponding solution u can be written as 



oo 
k=l 



ikx 



/c=i 

before it blows up. The idea is to choose large a such that 

oo 

\H;T)\\l, = Y.MT)\' = oo. 

k=l 

explicit representation for ak{t). It is easy to verify the following 



We attempt to find an 
iterative formula 

s-"^*, a,{t) = 3zke-'''"' fe-^'"^ ^ a^^ir) a^^ir) dr, k = 2,3 

•^0 ki+k2=k 



ai{t) = ae 



To see the pattern in ak{t), we calculate the first few of them explicitly: 



ai(t) 

02 (t) = —ia^u'^ 



-Se-^"* + 3e 



97 Q 
2 2 

-27e-^^* + 54e-6-* _ ^e^s-* _ iSe^^o^* + -e" 

2 2 

2 4 2 4 
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(2.6) 

(2.7) 
(2.8) 

(2.9) 
(2.10) 



135 ^^;^^^^ 2 7 25i^t 
8 8 

2187 72Q 
4 4 

+243e-^^"* + — e-is^* - ^e-'o*^* - ^g-^e-* + ^g-se.*' 
2 8 20 40 . 



The following lemma summarizes the pattern exhibited by afc(t)'s. 
Lemma 2.2 For any t > 0, 

a\{t) = abi{t), a2{t) = za^ 62(^)5 a-3(t) = — a^&3(t), a4(t) = —ia'^b^^t) 
and more generally, for k = 4n + j with n = 0, 1, 2, ■ ■ ■ and j = 1, 2, 3, 4, 

a^(t) = a4„+j(t) = z^-^a^''+^ fe4n+jW5 
where b4n+j{t) > /or any t > 0. 



(2.11) 



(2.12) 



Remark. A special consequence of this lemma is that all terms in the summation in 
(12.61) have the same sign and thus 



ak{t)\ = 3ke 




(2.13) 



Proof of Lemma \2.^ (I2.12p can be shown through induction. For = 0, (12.121) is just 
fl2TTD . By dMD, aiit) = ae"^* and 

02 (t) = 6z a^e"^"' t e"""^ 6?(r) dr = ia%2{t), 
Jo 

where feaW = 6e~^''^ Jq e^"^ bKr) dr > 0. Similarly, asit) = -aH^it) and a4(t) = 
—ia^hi{t) for some &3(t) > and hi{t) > 0. 

We now consider the general case. Without loss of generality, we prove (12.121) with 
k = An+1. Assume fl2rT2|) is true for all k < An+1. By (l2l6D . 

akit)=3tke-'''"' fe"'"^ Y ak.ir) ak,{r) dr. 

•'^ ki+k2=k 

Noticing that a^^lr) a^.^i'T') with /ci + ^2 = 4n + 1 assumes two forms 

a4„i(r) a4„2+i(r) and a4ni+2(T") a4n2-i(7') 

where > 0, ^2 > and ni + n2 = n, we conclude by the inductive assumptions that 
ctfci(T) ctfealT) must be of the form —ia^kiM^'^) some positive function bki,k2{'T) > 0. 
Therefore, 

ak{t) = a4n+i(t) = a''hk{t) 
with ^ 

bj,{t) = 3k e-"'''' f e^'^'" Y bkiMi-^) dr > for any t > 0. 

This completes the proof of Lemma 12.21 

Proof of Theorem \2.1\ Without loss of generality, we set u = 1. Assume 
and choose a such that 

A = ae-^ >1 

We prove by induction that 

\ak{T)\>A'' for A; = l,2,3,--- (2.15) 
which, in particular, yields (12. 5p . Obviously, for any < t < T, 

\aiit)\ > \ai{T)\ = ae-^ = A>1. 
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To prove fl2.15p for k > 2, we recall fl2.13p . namely 

\akit)\ = 3ke-'"' fe'"^ ^ |afc,(r)| |afc,(r)| rfr. 

"'O ki+k2=k 

Therefore, for T > t > = ^ In 3, 

|a2(t)| = 6e-^* r e'^^ajir) dr = ^A^l - e'^') > 
JO 2 

For A; = 3, if T > t > = + I In 2, 



\a,it)\ = 9e-9* re^-2 1 ai(r) II a2(r) I rfr 

JO 

> 9e-9* re9"2|ai(r)a2(r)|rfr 

Jt9 



t2 

3 



> 2A^ (1 - e-^(*-*^)) > A 
More generally, for any > t > tk = tfc-i + In ^'^^^ 



fc2 2A:-3' 



|a,(t)| = 3fce-'='* / e^'-(|ai(r)||afe_i(r)| + |a2(r)||a,_2(r)| 

JO 

+ ■■■ + |afc-2(r)||a2(r)| + |afc_i(r)| |ai(r)|)dr 
> 3A;e-^"* T e^'^ (|ai(r)| |a,_i(r)| + |a2(r)| |afc_2(r)| 
H \- |afc-2(i") 1 1^2(^)1 + |afc-i(^)| |ai(r)|)dr 

If T > To as defined in (12.141) . then tk < T for any integer k > 1 and thus 

\ak{T)\>A\ 
This completes the proof of Theorem 12. 1[ 

We state and prove a few specific properties for ak{t). 
Proposition 2.3 Assume uq is given by lil.S^) . For each k > 1, akif) is of the form 

ak{t) = E oik^me-"""' (2.16) 

m=k 

where the complex-valued coefficients ak^m satisfy 

Eafc,™ = fork>2, (2.17) 

m=k 

3ik 

ak,m = — H H afci,mi"A:2,m2 fork<m< k^. (2.18) 

'^^ ''^ ki+k2=kmi+m2=m 

The indices ki, k2, mi and m2 in the summation above obey 

1 < ki < k — 1, I < k2 < k — I, ki < nil < k\ and k2 < m2 < k^. 



Proof. (12.171) is a consequence of the fact that afc(O) = for A; > 2. fl2.16p follows 
from a simple induction. Obviously, ai{t) = ae~'^^. Fix k and assume fl2.16p is valid 
for all integers up to k. Then, for ki > 1, k2 > I, ki + k2 = k + 1, ki < nii < kf and 

/c2 < m2 < kj, 

a,^,{t) =3z(fc + l) E E «/^i,-.«.,,^,e-^('=+^)'* re'^«'=+^)'-(™^+™^))-rfr 

ki+k2=k+lmi,m2 ^ 
_ sr^ sr^ 3i{k + 1) Oiki,mi(^k2,m2 /-u{mi+m2)t _ ^-u(k+l)^t\ 

Since mi + m2 < kf + kj < {ki + fcs)^ = {k + if, this proves fl^l^ with (1^351) . 

Proposition 2.4 Assume that uq is given by U.2\) . 

1 ) Let k > 1 be an integer. Then 

ak,k=i — ] a'' and ak,k+2 = -^ak,k; (2.19) 

2) Let k > 1 be an integer. Then, for n = 1,3,5, ■■■ , 

Oik,k+n = 0; 

3) Let k > 1 be an integer and let k'^ > m > U{k) = k"^ — 2k + 2 . Then 

ak,m = 0. (2.20) 

Proof. Letting mi = ki and m2 = k2 in fl2.18p . we find 

afci,A:iafc2,fc2— 77^ 7T = —p, 7T 2^ Q-k^M^^k-k^^k-ki- 

k,+k2=k - k) - 1) k.t^^^k 

A simple induction allows us to obtain the expression for ak,k- To show ak,k+2 = ^| C(k,k, 
we set m = A; + 2 in (12.18^ to get 

3ik 

Oik,k+2 = _ _ 2) ^"^^'^ + Oi2,2 Otk-2,k + «2,4 afc-2,fc-2 

H + Q;fc-2,fc-2 "2,4 + afc-2,fc "2,2 + ^l,! ak-\,k+i)- (2-21) 

Inserting the inductive assumptions such as 

_ k-l _ k-2 

«fc-l,A;+l — Oik-2,k — ttfc-2,A;-2, ^2,4 — " «2,2 
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in (12.211) . we obtain 



3ik 



u{k^ - A; - 2) 
k k'^-k 



k '^-i 

OtkiM (^k-ki,k-ki + ttfc-l.fc-l 

fci=l 



k-l 



2 A;2 _ A; - 2 z/(A;2 - A;) 
3ik 



Ctfci.fci Oik-ki,k-ki 



+ 



iy{k^ -k-2) 

k k'^ — k k 
-ak,k 



ai,i afe-i,A:-i 
-2 



2 A;2 - A; - 2 

To show ak^k+i = 0, we set m = A; + 1 to obtain 

3ik 



2A;2-A;-2"'''~ 2 



(q;i,i ak-i,k + "2,2 aA:-2,fe-i H h afc-i,fc Q;i,i^ 



z/(P - (A; + 1)) 

which can be seen to be zero after inserting the inductive assumptions. 

To prove (I2.20p . it suffices to notice in (I2.18P that the second summation is over 
mi + 7712 = TTi with ki < mi < kf and k2 < m2 < k^- Thus, m = mi + m2 < A;i + A;| = 
(A;i + k2Y — 2kik2 < k'^ — 2{k — 1) and a^,™ with U{k) < m < A;^ is equal to zero. This 
completes the proof of Proposition 12.41 

[2], 2 Local well-posedness 

This subsection establishes the following two major results. 

Theorem 2.5 Consider Ii2.3\) with 7 > |- Let s > |. Assume uq G H^{T) has the form 



Uo(X 



Akx 



(2.22) 



k=l 



Then there exists T = T(||Mo||/fs) such that Ii2.3\) with the initial data Uq has a unique 
solution u e C([0, T); H') f] L^{[0, T);H'+^) that assumes the form 



u{x,t) = ak{t) e 

k=l 



ikx 



In the case when 7 > 1, we can actually show that no finite-time singularity is 
possible if we know that the L^-norm is bounded a priori. In fact, the following theorem 
states that the L^-norm controls all higher-order derivatives. 

Theorem 2.6 Let T > and let u be a weak solution of 1^2. 3\) with 7 > 1 on the time 
interval [0, T]. If we know a priori that u G L°^{\Q, T]; L^) fi i^^([0, T]; H'^), namely 

Mo = sup II u (■,t)||i. + W \\K^u{-Mhdt<^, (2.23) 
ie[o,T] -^0 
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then, for any integer k > 0, 

Mk= sup \\u^^\-, t)\\l2 + u r \\A''+''ui-,t)\\l2 dt <oo. 
te[o,T] "'0 

where A = (— A)^ and u^^^ denotes any partial derivative of order k. 

We first prove Theorem I2.5[ 
Proof of Theorem \2.5\ The existence of such a solution follows from the Galerkin ap- 
proximation. Let > 1 and denote by P/v the projection on the subspace {e*^, e^*^, ■ ■ ■ , e*^^}. 
Let 

N 



u'^{x,t) = Y.ant)e 



k=l 



where afc(t) satisfies 



^a^it) = 3tk Y: al{t)al{t)+iak^aUt)-yk''aUt), 

"''^ ki+k2=k 

«f (0) = a^, ^ aok. (2.24) 

Here 1 < A^i < and 1 < A;2 < A^. From the theory of ordinary differential equations, 
we know that f l2.24p has a unique local solution (t) on [0, T]. We derive some a priori 
bounds for u^{x,t). Clearly, u^{x,t) solves 



We now show that 



+ <C(i/,s)||M^||iT'. (2.25) 

It follows from the equation 

(t) + uk'-^a^it) - taPa^it) = 3tk ^ af^(t) a£(t) 

ki+k2=k 

that, after omitting the upper index A^ for notational convenience, 

J N N N / 

|E^'^l«'^WI' = -2^E^'^^^'M«/c(t)r-6E^'^^'^ E ^k.^k2 

fc=l k=l k=l \ ki+k2=k 

where X denotes the imaginary part. To bound the nonlinear term on the right (denoted 
by J), we first notice that the summation over ki + k2 = k is less than twice the 
summation over ki + k2 = k with ki < k2 and 2k2 > k. Thus, 

N 

J < 6^A;^'+^|afc| E I«fcilkfc2l 

k=l ki+k2=k 
N 

< 12 5]F+^|a,| J2 i2k2y^-^M\ak2\. 

k=l k/2<k2<k 
10 



Applying Holder's inequality and Young's inequality for series, we have 





- N 


1 

2 




J < 12 










.fc=i 




k=i \ 




" TV 


1 
2 


N 


< 12 










-fc=i 







|Ctfc2 



,2s+l 
'^2 



a-fc2 



2 TV 

E l^fcil 
fci=i 



2s+l|„ |2 



TV TV 

< 12 E'^ 

k=l lki=l 



TV 



E^r 

fci=i 



Thus, we get 



d 



\u 



N\l2 



By Holder's inequality 



(2.26) 
(2.27) 



.Ni 



1 

,TV|| 27 



TV||^~27 



67-2 
,TV|| 27-1 



(2.28) 



we have 

J<C(s)||^^|||^,^ Ik^llS' < +C{iy,s) iW'^ip. 

(12.271) and (12.281) yield (I2.25p . With these bounds at our disposal, the existence of a 
solution u of the form (12.21) is then obtained as a limit of as — 00. 



We now turn to the uniqueness. Assume (12.31) has two solutions ui and U2 satisfying 

m, U2e C{[o,T)-H')nL\[o,Ty,H'+^). 

Then their difference w = ui — U2 satisfies 

wt + u{-Ayw + awxxx = Qwuix + 6u2Wx. 
Applying the same procedure as in the derivation of (I2.27p . we find that, for s > 1, 

^\H\h+MH\%s+-, < C{s) ||w||^.(||mi||^i + \\u2\\hi). 

The fact that ui,U2 G L^([0,T); H'^'^^) with s + 7 > 1 and an application of Gronwall's 
inequality yields the uniqueness. This completes the proof of Theorem 12.51 



Proof of Theorem \2.(A We start with the case k = 1. It is easy to verify that 

d 



dt 



where 



|M,(-,t)||i2 + 2fi:||AX||i2 = /i + /2, 

h = 2 J \ux\'^Tl{ux) dx, 
I2 = 2jn{uuxuxx)dx. 



(2.29) 
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Here TZ denotes the real part. By the Gaghardo-Nirenberg type equahties, 

< 2||m2;||^2 llw^llioo 

< c\\u\\2.\Ml.\\A'^M]^''\ 

Ihl < C\\u\\loo \\ur,\\L2 ||u^.^.||l2 

< C||m||22 ||mx|I12 ||m^x||l2 



where 



By Young's inequahty, 



27-1 , 7-1 

27 + 2 7 + 1 



U 1-71 



h\ < -\\A^+^'u\\l2 + Cu ~\\u\\l 



2 



L2 Il'"a:||i2 , 



\h\ < -\\A^^^u\\l2+Cu'~ \\u\ 



1+72 ||„, II 1+72 
L2 Il"a;|li2 



Inserting these inequahties in (12.291) and integrating with respect to t yields 

sup \M;t)\\l2 + u r WA'+'^uWl^dt 
ie[o,T] -^0 



71 4 1+272 fT 3 
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where Mq is specified in (12.231) . By (I2.23P and the Gagliardo-Nirenberg type inequality 



1-- „ n' 

- II A7„,ll 

L2' 



we have 



Therefore, 



\M^,dt<CMl 

sup \\u,{-,t)\\l2 + iy r \\A'+^u\\l2dt 
te[o,T] Jo 



47^+37-1 



<C{u)M, sup \\u,{-,t)\\^,"'^' 

te[o,T] 



+ C{u)Mo sup ||M..(-,t)||i2 . (2.30) 

ie[o,T] 



When 7 > |, + 7 — 3 > and consequently 



-87^+67 + 8^^ , -472 + 37 + 3 

< 2 and < 2. 

47 + 1 27 
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(12.301) then implies that 

sup \\u^{-,t)\\l2 + u r \\A^+^u\\l2dt < Ml, 
te[o,T] "'0 

where Mi is a constant depending on 7, u and Mq alone. L^-bounds for higher-order 
derivatives can be obtained through iteration. This completes the proof of Theorem 12. 6[ 



3 Global solutions of the complex KdV-Burgers equa- 
tion 

We consider the initial-value problem for the complex KdV-Burgers equation 

i ut- Quu^ + au^xx - J^Uxx = 0, X G T, t > 0, , . 

\ u{x,0) = uo{x), xeT 

and study the global regularity of its solutions of the form 

00 

uix,t) = Y,a,it)e"'^. (3.2) 

k=l 

Here a > and u > and (13.11) includes the complex Burgers and complex KdV 
equations as special cases. Two major results are established. Theorem 13.31 presents a 
general conditional global regularity result and Theorem 13.51 asserts the global regularity 
of (13. 2p for a special case. 

Assume the initial data uq is of the form 

00 

Uo{x) = Y.aoke'^^ (3.3) 

k=l 

and is in with s > |. According to Theorem 12.51 (13. ip has a unique local solution 
u G C([0,T);if*) of the form (13. 2p for some T > 0. To study the global regularity of 
(13. 2p . we explore the structure of ak{t) and obtain the following two propositions. 

Proposition 3.1 // li3.S\) solves liS. then ak{t) can he written as 

ak{t)= E afc,/.,/e-(")* (3.4) 

k<h<k'2,k<l<k'i 

where a^^ i consists of a finite number of terms of the form 

C{a, z/, k, /i, Z, ji, ■ ■ ■ , jk) al\ " " " o-H (3-5) 
with ji, j2 ,■ ■ jk being nonnegative integers and satisfying 

Ji + 2j2 + ■ ■ ■ + kjk = k. (3.6) 
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Proposition 3.2 Let k > 1 be an integer. Let U{k) = k"^ — 2k + 2 and V{k) = 
k^ — S/c^ + 3k. The coefficients a^^^ i in ^3.4\) have the following properties 

(1) For k < h < P and k <l < k^, 

ak,h,i = -7j-2 TY^^—TTT^ E E E ak,,huh»k2M,i2 (3-7) 

(2) For h = k'^ and I = k^, 

ak,k'2,k3 = afc(O) - E ^k,h,i (3.8) 

k<h<k^ k<l<k'i 

(3) For U{k) <h<k^ or V{k) <l<k^, 

atxi = 0- (3.9) 

Proof of Proposition \3. 1\ If (13. 2p solves fl3.ip , then afc(t) solves the ordinary differential 
equation 

—ak(t) + {uk^ - aik^)ak(t) - 3ik ^ ak^(t) ak^it) = 0. 

ki+k2=k 



The equivalent integral form is given by 



+ 3tk fe^"""-''"'"^^ ^ ak,{T)ak,{T)dT 



(3.10) 



It is easy to show through an inductive process that ak is of the form ( 13. 4p . In addition, 
for k < h < k"^ and k < I < k^, the term in (13.51) with fixed Ji, J2, ■ ■ jk satisfying 

ji + 2j2 H h kjk = k 

can be expressed as 

C{a, u, fc, hj,ji,---, jk) al\ ■ ■ ■ a^l 

- )"„„._o „._£^_ • ■ ■ „^ S^^.^ ^(". 

xC(a,v,k2,h2,k,ni,---,nh)aZ'*'"a'»*"' (3.11) 

where the indices satisfy 

^ ki < k, 1 < k2 < k, ki + k2 = k, 

ki <hi < kf, k2 < h2 < kl, hi + h2 = h, 

ki<li< kf, k2<l2< kl, h + l2 = I, 

mi + ni=ji, m2 + n2=j2, ■■, riik + Uk = jk- 

{rrir = for r > ki and = for r > /C2) 

mi + 2m2 H h kimk^ = /ci, ni + 2n2 H h /i;2'^fc2 = ^2. 
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When h = k'^ and / = k^. 



C{a,u,k,k ,k , ji, j2, ■ ■ ■ , j/t) 



1 for (ji,j2,---,Jfc) = (0,0,---,l), 

u, k, h, l,ji,j2, ■ ■ ■ ,jk) otherwise 



(3.12) 



for some h < k"^ and I < k^. To illustrate these formulas, we list for k = 1,2, 3, 



ai(t) = aoie-('^-*")*, 



a2(t) 
03 (t) 



6i 



1v — 6ai 



-(2u-2ai)t 



+ 



6i 



1v — 6ai 



''01 



-{4u-8ia)t 



lOSaj^i 



(2z/-6m)(6i/-24m) 
18iaoiao2 



108a|]i 



Au - 18m (2z/ - 6m) (4z/ - 18m) 
18iaoiao2 , 



«03 



108a|ji 



108aiji 



X e 



- 18m (2z/ - 6m) {Au - 18az) (2z/ - 6m) {Qu - 24m) 

(-9!/+27aj)i 



Proof of Proposition \3.2[ (13. 7p follows from a simple induction. (13. 8p is obtained by 
set t = in (13. 4p . To show (13.90 . we notice that the second summation in (13. 7p is over 
hi + h2 = h with ki < hi < kf and k2 < h2 < k^ while the third summation is over 
li + l2 = l with ki <li < k\ and k2 < h ^ k^. Thus, 

h = hi + h2 < k:i + kl = k^ - 2ki k2 < k'^ - 2{k - 1) = U{k), 
I = li + l2<kl + kl = k^-3kkik2<k^- 3k{k - 1) = V{k). 

That means, ak,h,i = if U{k) < h < k'^ and V(A;) < I < k^. 



Theorem 3.3 Consider ^3.1\) with u > 0. Assume uq G i/'*(T) with s > | can 6e 
represented in the form ^3. 3|) wt/i 

|aofc|<l, fc = l,2,--- (3.13) 

// we have the uniform hound 

\C{a,iy,k,h,l,ji, - ■ ■ ,jk)\ <Co(a,z/) (3.14) 

for all k > 1, k < h < k"^ , k < I < k^ and {ji,j2, ■ ■ ■ ,jk) satisfying ^3. then ^3.1\) has 
a unique global solution u given by h3.2\] . In addition, for any s > 0, there are Tg > 
and 5 > such that for any t > Tq, 




(3.15) 



where C is a constant depending on a, v and s only. 
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We remark that the assumption in (13.141) can be verified for the case when oqi > 
and ao2 = ao3 = ■ ■ ■ = 0. We assume that v and a satisfy + 9a^ > 36 and show by 
induction that 

I/, A;, < 1. 

Since ao2 = o-os = ■ ■ ■ = 0, these coefficients are nonzero only if ji = k and 22 = is = 
• • • = jfc = 0. For any k < h < k"^ and k < I < k^, we have, according to (I3.1ip . 



\C{a,iy,k,hJJi,---,jk) 

3ik 

< 



J2 |C(a,z/, fci,/ii,/i,mi,---,mfcj| 

mi+ni=ji 



z/(P -h)- ia{k^ - I) 
X \C{a,u, k2,h2,l2,ni, - ■ ■ ,nk2)\. 

For ji = k, the number of terms in the summation mi + rii = ji is at most k. By the 
inductive assumption, 

3P 

\C{a,iy,k,hJJi, - ■ ■ Jk)\ < 



p\k^-hy + a''{k^-lY 

Applying ([33D, h < U{k) = k^ - 2k + 2 and I < V{k) = k^ - 3k^ + 3k and thus 
\C{a, u, k, h, ■ ■ ■ ,jk)\ < 1 by taking into account the assumption on u and a. When 
h = k"^ and I = k^, the boundedness of the coefficient follows from (13 .12^ . 

The proof of Theorem 13.31 involves a very classical problem in number theory, namely 
the number of integer solutions (ji, j2, ■ ■ ■ , jk) to the equation defined in (13. 6p for a given 
positive integer k. This problem is not as simple as it may look like. An upper bound 
and an asymptotic approximation for the number of nonnegative solutions are given by 
G.H. Hardy and S. Ramanujan [3], as stated in the following lemma. 

Lemma 3.4 Let k > be an integer and let Nk denote the number of nonnegative 
solutions to the equation 

ji + 2j2 H h kjk = k. 



Then, for some constant Ci, 



k 

In addition, N^. has the following asymptotic behavior: 

Nk ~ — ■^e'"^~, as k ^ 00. 
4v3/c 

Proof of Theorem VJ.'d Applying (I3.13P and (I3.14p . we obtain the following bound for 
Ofc.h,/ in ([331) 

\ak,hA<Co{a,u)Nk<^e^'^, 
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where C2 = CqCi and we have used Lemma [3. 4[ Therefore, 



\0'k{t)\ < XI 51 W,h,i\^' 

k<h<k^ k<l<k3 

< C2(A;2-l)e2^^ — 



-uht 



-ukt 



1 - e-"^ 

For any fixed t > 0, we can choose K = K{v) and < M = M{v) < 1 such that 



(3.16) 



\ak{t) \ < 



Co 



1-e 



-ut 



for k> K. 



Therefore, u represented by (13.21) converges for any t > 0. In addition, u{-,t) G H'^ 
for any s > 0. To see the exponential decay of ||-u(-, t)||ii/s for large time, we choose 
To = To(z/, s) such that for any t >Tq and k > 1 



-5 ukt 



l + k'y\akit)\' < C^M^ 



1-e 



-ut ■ 



where Mi > and 6 > are some constants. This bound then implies (13.15^ . This 
completes the proof of Theorem 13.31 

We finally present a direct proof of the fact that (13.21) is global in time for special 
case ao2 = ctos = ■ ■ ■ = 0. 

Theorem 3.5 Consider liS. 1\) with v and a satisfying + > 9. // 

uq{x) = aoi e*^ with |aoi| < 1, 

then 113. 1\) has a unique global solution, which can be represented by jlS. 2^) . In addition, 
for any s > 0, m(-, t) E for all t >0. 



Proof. We prove by induction that, for any t > 0, 

|afc(t)| < |aoi^ fc = l,2,---. 
Obviously, |ai(t)| < |aoi|- To prove (13.171) for /c > 2, we recall (13.101) . namely 

,{t) = 3zke-^'"'"-'''''"^' fe^"''"-^'''^^ J2 akAr)ak,{r)dT. 

Jo ,^ 



(3.17) 



ak{ 



ki-i-k2=k 



Since z/^ + 4q;^ > 9, we have 



l«2(t)| < 



2z/ - Aai 



\aoi\ 1-e 



-{4:U-8ai)t 



and more generally, 

\ak(t)\ < 



3{k-l] 



u k — aik'^ 



' (l- f,-i'^k2-aik--')t\ ^ 
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It is then clear that (13. 2p converges in with s > for any t > 0. This completes the 
proof of Theorem 13.51 
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